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For weakly disordered fractional quantum Hall phases, the non linear photoconductivity is related
to the charge susceptibility of the clean system by a Floquet boost. Thus, it may be possible to
probe collective charge modes at finite wavevectors by electrical transport. Incompressible phases,
irradiated at slightly above the magneto-roton gap, are predicted to exhibit negative photoconduc-
tivity and zero resistance states with spontaneous internal electric fields. Non linear conductivity
can probe composite fermions’ charge excitations in compressible filling factors.
PACS numbers: 73.40.-c, 73.43.-f, 73.50.Fq, 73.50.Pz
Fractional quantum Hall (FQH) phases exhibit exotic
ground states and many-body collective modes. For
example, the Magneto-Roton (MR) mode in Laughlin
states was predicted by Girvin, MacDonald and Platz-
man (GMP)1 to have a minimal gap ∆0 at wavevector k0,
(See Fig.1). This mode was seen by Raman scattering2,
resistivity activation gap with phonon pulses3, and mi-
crowave absorption with surface acoustic waves4.
Some of these probes are based on the powerful relation
between conductivity σxx(ω) and charge excitations in
weakly disordered quantum Hall gases5–7:
σxx(Ω) =
nc2
~B2
1
A
∑
k
Γ 2k k
2
y
χ′′0(k,Ω)
Ω
+O(V 4) . (1)
V (r) = A−1/2
∑
k Vk e
ik·r is the random disorder po-
tential taken from a Gaussian ensemble with fluctuation
spectrum 〈V ∗k Vk′〉 = Γ 2k δkk′ , χ′′0(k,Ω) is the charge sus-
ceptibility of the “clean” (V = 0), but fully interacting,
system, at wavevector k and frequency Ω. B, c, n, and
A are the perpendicular magnetic field (B = Bzˆ), speed
of light, electron density, and system area, respectively.
In this paper we extend Eq. (1) to the non linear current
versus field response. We propose new and independent
experiments to probe the collective charge excitations,
which would complement information given by the lin-
ear response probes. Our derivation incorporates strong
electric fields into the current reponse function. To go
beyond linear Kubo formula, we use a Floquet boost
transformation8,9. Our results retain the full many-body
correlations in χ′′0 , which make them suitable for the
strongly correlated FQH phases.
We propose to measure the DC photoconductivity
σphotoxx (Ω) in the presence of an AC radiation field at fre-
quency Ω. Within GMP theory, at frequency Ω > ∆0,
σphotoxx should become singularly large and negative. As
a consequence, the system will be unstable toward a
“zero resistance state” (ZRS)10, where internal electric
FIG. 1: Magneto-roton (MR) collective excitation in an in-
compressible Laughlin phase following GMP1. Radiation
above threshold frequency Ω > ∆0, combined with scatter-
ing by disorder yields σxx > 0, by Eq. (1).
field domains are spontaneously created11. ZRS phases,
and spontaneous internal fields, were previously observed
at weak magnetic fields (high Landau levels)12–14. The
photoconductivity has been calculated by various meth-
ods9,15–17. At high Landau levels, the dark conductivity
is metallic, and negative photocurrent can be induced
by strong microwave power, which is positively detuned
from the cyclotron frequency ωc. In contrast, we show
that the ZRS in the lowest Landau level (LLL) arises from
different phenomena. It involves intra-Landau Level ex-
citations of MR mode which is expected at Ω  ωc. In
addition, negative photoconductivity appears already at
leading order in radiation power, since the dark conduc-
tivity is zero.
For the compressible phases, such as around ν = 12 , the
dark non linear current jdcx [Ex] is expressed in terms of
χ′′0 . Thus, predictions of composite fermions theory for
χ′′0(k, ω) could be tested by transport measurements. We
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2conclude by discussing experimentally relevant frequency
and field scales, and regime of validity of the weak disor-
der expansion.
Quantum Hall Hamiltonian : Two dimensional electrons
in a uniform magnetic field, and a time dependent vector
potential a(t), are described by the Hamiltonian H =
H0 + V , where
H0[a] =
1
2m
N∑
i=1
(
pii − q
c
a(t)
)2
+
∑
i<j
Φ(ri − rj) (2)
and V = A−1/2
∑
k Vk ρk . N is the number of particles
of charge q, and Φ are the two-body interactions. The
density operator is ρk =
∑N
i=1 e
−ik·ri , and the cyclotron
momentum for particle i is pii = pi − qB2c zˆ × ri, obeying[
piαi , pi
β
j
]
= i sgn(q) ~2`−2αβδij , where ` =
(
~c/|q|B)1/2
is the Landau length. For electrons, q = −e. The current
density at time t is
j(t) =
q
mA
N∑
i=1
〈
U†(t)pii U(t)
〉− nq2
mc
a(t) , (3)
where n = N/A , and 〈· · · 〉 denotes thermal and disorder
averaging at t = 0. U(t) is the time evolution operator.
The calculation of the nonlinear photocurrent general-
izes the single electron approach of Auerbach and Pai9,
while using the underlying Galilean symmetry of H0. We
proceed in two steps.
(i) Floquet Boost : We decompose U(t) according to
U(t) = W (t) T exp
− i~
t∫
0
dt′ H˜(t′)
 , (4)
where W (t) ≡ ∏i e−ig(t)·pii/~ is the unitary Floquet
boost. To cancel a(t) from H0[a], g(t) must satisfy
g˙ + ωczˆ × g(t) = −
ωc
B
a(t) . (5)
where ωc =
eB
mc and g(0) = 0. g(t) can be readily solved
for any a(t).
H˜ = W †HW−i~W †W˙ is the Hamiltonian in the boosted
frame, given by H˜ = H˜0 + V˜ + f(t), with
H˜0 =
∑
i
pi2i
2m
+
∑
i<j
Φ(ri − rj)
V˜ = A−1/2
∑
k
Vk ρk e
ik·g(t) ,
(6)
and f(t) is an irrelevant c-number.
(ii) Expansion in the disorder potential : The evolution
operator is U(t) = U0 T exp
[
− i~
t∫
0
dt′ V (t′)
]
, where
U0 = W (t) e
−iH˜0t/~ is the clean evolution operator,
and V (t) = A−1/2
∑
k Vk ρk(t) e
ik·g(t), where ρk(t) ≡
eiH˜0t/~ρk e
−iH˜0t/~.
The evolution of the global Landau operator Π† =∑
i(pi
x
i − ipiyi ) for the disorder-free Hamiltonian is given
by Kohn’s theorem:
U†0 (t) Π
† U0(t) = exp(iωct) Π
† − iN~
2
`2
g∗(t) , (7)
where g(t) = gx(t) + igy(t). For the clean system, by
setting U → U0 in (3), it is easy to see from (7) that
for a DC field E, (i) the longitudinal current vanishes at
all times, and (ii) the Hall current is the Galilean result
j = (nec/B)zˆ ×E.
The longitudinal current (3) is expanded in powers of
the disorder (V )n. The leading order is for n = 2, whose
Fourier transform is given by
jx(ω) =
qn
m~
1
A
∑
k
Γ 2k
ky
ω + ωc
(8)
×
∞∫
−∞
dω′
2pi
R−k(ω − ω′)χ′′0(k, ω′)Rk(ω′) .
The electric field factors are given by
Rk[E(t), ω)] ≡
∞∫
−∞
dt′ eik·g[E] eiωt . (9)
χ′′0 is the dynamical charge susceptibility of the clean
system,
χ′′0(k, ω) =
1
NZ0
Re
∞∫
0
dt eiωtTr
{
e−
H˜0
T
[
ρ−k(t), ρk(0)
]}
.
(10)
Eq. (8) applies (to second order in V ) for an arbitrary
time dependent electric field.
DC Photocurrent. We consider an electric field with
two components: a DC field Exxˆ, and a circularly po-
larized AC field E of frequency Ω, such that a(t) =
−c E( sin(Ωt) xˆ − cos(Ωt) yˆ) − cExt xˆ. Solving Eq.(5)
yields
g(t) =
cEx
~Bωc
(
xˆ− ωct yˆ
)
(11)
− c E
B(ωc − Ω)
(
cos(Ωt) xˆ+ sin(Ωt) yˆ
)
.
and
Rk(ω) =
∞∑
l=−∞
eiφkJl(kλ) δ
(
ω + lΩ− cky
B
Ex
)
(12)
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FIG. 2: Photoconductivity in an incompressible Laughlin
phase, given by Eq.(??). ∆0 is the MR gap depicted in Fig. 1.
Ω is the radiation frequency. At Ω > ∆0, large negative con-
ductivity is predicted.
where where k = |k| , Jl(x) is a Bessel function of order
l, and λ = c E/BΩ measures the radiation field strength.
φk is an irrelevant phase.
The nonlinear DC photocurrent as a function of electric
fields is
jdcx (Ω, E , Ex) =
nc
B~
1
A
∑
k
Γ 2k ky
∞∑
l=−∞
|Jl(kλE)|2
× χ′′0
(
k , lΩ +
cky
B
Ex
)
.
(13)
In the following, we apply Eq. (13) to the incompressible
and compressible FQH phases.
Incompressible Laughlin states. At zero temperature,
filling fractions nhc/|eB| = νm = 1/m, for odd m,
are incompressible. In the strong magnetic field limit
ωc >> ∆0, and at frequencies ω  ωc, the charge sus-
ceptibility can be computed within the LLL, i.e. us-
ing projected density operators ρ → ρ¯k = PρkP where
P is the LLL projector. The projected structure fac-
tor s(k) = N−1〈ρ¯k ρ¯−k〉 , was computed by GMP1 us-
ing a Monte-Carlo simulation of the classical two di-
mensional one component plasma. At low k, S(k) ∼
k4. GMP also computed the oscillator strength f(k) =
1
2N
−1 〈[ρ¯k, [H¯, ρ¯−k]]〉 for the Laughlin state with the
LLL-projected Coulomb Hamiltonian. The single mode
approximation (SMA) assumes that the spectral weight
is exhausted by a single collective mode, i.e.
χ′′0(k, ω) ' pi e−k
2`2/2 s(k) δ
(
ω −∆(k)) , (14)
where ∆(k) = f(k)/s(k) is the magneto-roton disper-
sion. GMP’s calculation is conveniently parametrized by
a Taylor expansion about k0
∆(k) = ∆0
(
1 + a2(δk `)
2 + a3(δk `)
3 + . . .
)
. (15)
where δk = k − k0, and a2 > 0.
Using Eq. (14), the photocurrent (at radiation powers
λE/` 1) is
jdcx (Ω, Ex) '
nc|λE |2
~B
∞∫
0
dk e−
1
2 (k`)
2
k4 Γ 2k s(k)
2pi∫
0
dθ sin θ
× δ
(
Ω−∆(k) + Ex
B
ck sin θ
)
.
(16)
The detuning frequency is defined as δΩ = Ω−∆0. The
DC electric field defines the electric frequency scale
fx = ck0Ex/B . (17)
In the regime fx, |δΩ|  ∆0, the DC photoconductivity
(PC) is
σphotoxx ≡
djdcx (Ω
dEx
∣∣∣∣∣
Ex=0
(18)
' |λE |2
(
nc2
~B2
) ∞∫
0
dk Γ 2k k
5 s(k)
d
dΩ
δ (Ω−∆(k))
' −|λE |2
(
nc2Γ 2k0
k50 s(k0)
4~`B2
√
a2∆0
)
|δΩ|−3/2 Θ(δΩ) ,
The dependence of σphotoxx on radiation frequency is de-
picted in Fig. 2.
At finite driving field Ex > 0, the photocurrent is
jdcx = j0 h
(
δΩ
|fx|
)
sgn(fx) , (19)
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FIG. 3: Nonlinear photocurrent for an incompressible Laugh-
lin phase, given by Eq. (19). fx(Ex) is defined in Eq. (17).
For positive detuning δΩ > 0, (blue curve), the negative pho-
tocurrent is unstable in the shaded region toward a ZRS state
with spontaneous electric field E∗x given by Eq. (22).
4where the current scale is
j0 ≡
2|λE |2n` k40 s(k0)Γ 2k0√
a2 ∆2
|δΩ|− 12 , (20)
and h(u) is the universal function,
h(u) = |u|1/2
u+1∫
(u−1)+
ds√
s
s− u√
1− (u− s)2 , (21)
where (u−1)+ = max(0, u−1). Photocurrent versus elec-
tric field at fixed detuning frequency is depicted in Fig.
3, for both positive and negative detuning frequencies.
ZRS spontaneous field. Negative uniform conductiv-
ity signals a thermodynamic instability toward forma-
tion of a ZRS state10 with spontaneous internal electric
fields. For a homogeneous quantum Hall phase these
fields are fixed by the minima of the Lyapunov functional
condition11 jdcx (Ω,E
∗) = 0. Near the detuning threshold,
we see in Fig. 3 that the current vanishes f∗x = 1.6 δΩ,
which by Eq. (17) yiellds the magnitude of the sponta-
neous electric fields as,
E∗[V/cm] = 1.6× δΩ B
ck0
Θ(δΩ) . (22)
Notice that the spontaneous field is an independent mea-
sure of the MR wavevector k0. For inhomogeneous sys-
tems with spatially varying Hall conductivity18, there is
no Lyapunov functional. As a result, spontaneously gen-
erated electric fields can fluctuate in time19, which may
be the source of the experimentally observed telegraph
noise14.
Compressible FQH phases. At ν ' 12 , the electronic
states are have been described by composite Fermions
(CF)20–23, which see an effective weak magnetic field.
Their effective “Fermi energy scale” ∗F is determined by
intra-LLL coulomb interactions. Read24 computed the
long wavelength dynamical charge susceptibility to go as
χ′′CF (k, ω) ∼ e−k
2`2/2 ~2ω
(∗F )2 (k`)3
(23)
Near ν = 12 , Park
25 has proposed to search for ZRS by
photoconductivity above the CF effective Landau level
spacing. Since the dark system is metallic, negative con-
ductivity could be achieved at high radiation power if CF
Landau levels are sharp modes at finite wavevectors.
Since the excitations are gapless, we can use the nonlinear
current as a probe to the low energy excitations. In the
“dark” DC case, i.e. E(t) = Ex xˆ, Eq.(5) yields g
dc(t) =
(cEx/Bωc) (xˆ− ωct yˆ). Thus,
Rdck (ω) = 2pi exp
(
ickxEx
Bωc
)
δ
(
ω − cky
B
Ex
)
, (24)
and Eqs. (8) and (24)) yield the dark nonlinear longitu-
dinal current,
jdcx =
nc
~B
1
A
∑
k
Γ 2k ky χ
′′
0
(
k ,
cky
B
Ex
)
, (25)
The low field limit yields the linear conductivity
σxx(0) =
d
dEx
jdcx =
nc2
~B2
1
A
∑
k
Γ 2kk
2
y
d
dω
χ′′0(k , 0) , (26)
which coincides with the DC limit of Eq. (1).
The characteristic wave vectors which dominate Γk in the
LLL are of the order of `−1. The dark DC conductivity
at the compressible filling fraction ν is of the scale
σxx(0) ∼ νq
2
h
Γ 2
(∗F )2
(
1 +O(Γ/F )
)
. (27)
Away from ν = 12 the composite fermion theory predicts
resonances in χ′′0(ω) corresponding to the spectrum of
“CF Landau levels”. Such resonances should appear as
oscillations in the current by Eq. (25).
Experiments. Photoconductivity measurements in FQH
samples were carried out by some time ago26,27. Oscilla-
tory magnetoresistance was reported without comparison
to theoretical calculations. The published data did not
show indications of ZRS effects in the Laughlin phases.
However, the frequency scale may have been below the
magnetoroton threshold: For filling fraction ν=1/3 at
carrier density n=7.6×1010 cm−2, the magnetic field is
B=9.5 T, and ~ωc ∼ 100 K. The resistivity activation
gap26, which is expected to be similar to ∆0, was about
210 GHz, which was higher than the microwave frequen-
cies used in these experiments. Recent advances in ter-
ahertz spectroscopy may open the door to photoconduc-
tivity measurements in the FQH regime. It would be
instructive to compare e.g. the magnetoroton gap by
photoconductivity to the activation gap of resistivity.
For the compressible phases, we propose to measure
Eq. (25). The relation between the charge excitation fre-
quency ω¯charge and the corresponding electric field E¯x is
E¯x = B`ω¯charge/c
= 0.26 ω¯charge[GHz]
(
B[T]
) 3
2 [V/cm] , (28)
where we have used ` = 26 nm
√
B[T].
Validity of weak disorder expansion. Eqs. (8), (13) and
(25) are the second order expansion of the current in the
disorder potential V . Note that these expressions have
finite LLL limits for ωc → ∞, keeping ν < ∞.28 The
weak disorder expansion of the longitudinal current is
valid under the following conditions:
1. σxx = 0 in the clean limit. Note that this condition
fails for an ordinary clean metal at zero field.
52. Landau level broadening. In the absence of inter-
actions the Landau level are infinitely degenerate. The
degeneracy is lifted by Coulomb interactions which intro-
duce the intra-Landau level charge excitation scales ω¯ =
∆0, 
∗
F /~ we have seen above. These energy scales control
the higher order corrections by powers of Γ/~ω¯  1.
3. Density matrix is at equilibrium. It is expected that
strong time dependent electric fields modify the density
matrix at long times, and produce strong effects on the
DC photocurrent17. Our analysis above did not take non
equilibrium effects on the density matrix into account,
which is justified in cases of rapid thermalization. In
other words, we assume short non radiative relaxation
time by phonons τinel  τtr, where the transport time
τtr = σxxm/e
2n is long in the weak disorder limit.
4. By applying the derivation of Eq. (25) to the trans-
verse current jy(Ex), the Hall conductivity σ
dc
xy = nqc/B
gains no corrections at any finite order in V . Thus,
plateaux of σxy = νe
2/h in the incompressible phases
are necessarily non perturbative effects in V such as nu-
cleation of localized quasiparticles or motion of domain
edges in the long range potential landscape.
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